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Note

This document derives the details of forming the least squares matrix and extracting the residual
sum of squares from the least squares matrix equation. In particular, it includes weighting factors
in the development, an element that is usually missing in standard derivations. It was prepared in
the process of developing the computer code for Precise Signal Component. It was not given a
CFS number at that time, so it has been assigned a current CFS number for release.

This document is viewable only. | believe this will be adequate for people who do not intend to
study it. Please contact me through our web site if you need a printable version. | am aware that
the no-print can be defeated, but again | ask that you contact me instead. | really need to know if
and how people are finding these documents useful, and this seems one of the few ways | have
to encourage feedback.
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A Note on Least Squares Residuals

The general linear least squares equation is:
y=ap+ a1xy + aswe + ... + a,x, (1)

The general least requirement is to minimize:

N

Zwi(ao + a1z + aoro; + ... + Ay — yi)2 (2)
i=1

where N is the number of data points being treated and w; is a weighting
factor applied to the i** point. Differentiating this and setting it to zero leads
to the so-called normal equations:

agp E w; + aq E wW;x1; + a2 E w;Te + ... +ay E W;Tp; = E W;Y;
2
agp E w;T1; + a1 E w;Ty; + az E W;x1;T2% + ... +ap E W;T1§Tni = E W;Y;i 14
2
ag E w;To; + aq E W;T2;X1; + Qo E wixy; + ...+ ay E W; L% Tni = E W;Y; Toj

2
ag g WiTpi + a1 g Wi TpiT1; + Q2 E W;Tp;i T2 + ... + Gy E Wi, = E WY Tnj

Often written in matrix form as Xa =Y.

It is convenient to eliminate the odd case of ay. There are two basic ways of
doing this. Commonly, the first equation is solved for ay and the result
substituted into all the remaining equations. This results in many terms of
the form > w;xpx; — > wixk Y wiz;/> w; and these terms are given a

2 2 2 3

shorthand notation, Z’xk,,;:ch-, often called the "reduced summation." This is a
little more clear when all the w; = 1. Then Z/xkixli =

Y xrizy — Y xkiy_x;/N. The other approach is to simply drop the ay term and

1 2

let all the x1; = 1. Then a; becomes the constant term. This approach will be
used here, partially because the constant term in the target equation is
actually complex, and partially because non-unity weighting factors will be
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used. Both of these factors tend to make the common practice confusing. The
two approaches are algebraically identical, although the numerical
computation considerations are different.

So, we have:

2
ay E w;Ty; + a2 E w;x1; T2 + ... +an E WiT1iTn; = E W;iY;iT1;
2
a E W;T2;T1; + a2 E W;iTy; + ... +ap E W;X2iLn; = E W;YiT2;

2
ay E WiTpiZ1; + A2 E WiTpiT2 + ... + ap E WiT,,; = E WY T

where all the z;; = 1. This system of normal equations can be written as:

n N N
E azE Wi Tk Tl = E Wi Yi Thi 3)
[ =1

where k = 1,2,...n. We require that

N

D wilarm + asmy; + oo + ann; — Yi)’ (2a)
1=1

be minimized and we wish to evaluate this residual sum of squares that
cannot be further reduced by the regression at hand. First we expand the
squared term:

2
(@121 + asxe; + ... + Apxn; — yi)” =
2
aiT1; + a169%1;X2; + ... + G160, T1;Tpn; — A1Y;T1; +
2.9
A201T2;T1; + A3Ty; + ... + Q20T Tpn; — A2Y; T2 +

2 2
pQ1TpiT1; + ApQ2Ty; T2 + ... + Ty — ApYiTp; +
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2
— QYT — QYT — o — ApYiTni T Y;

So the sum of Equation (2a) can be written as
(4)

N n n N n N
) 4 9 . e 22
Ww; ATk a|xy; Ww; ArY; T, + Wiy,
1=1 k=1 =1 i=1 k=1 i=1

n n

N n n N
E w; E () E a|ry; = § w; E E ApA|TEiXl; =
i=1 k=1 =1 i=1 k=11=1

Let us first examine the leftmost sum:

n o on N
= g E akalE Wi Tk
=1

N n n
E g Eakalwz‘xkﬂli

i=1 k=1 1=1 k=11=1 i
n n N

E akE CllE W;iT ;X
k=1 =1 =1

The portion of the above equation coming after a, is exactly the same as the
left hand sides of the normal equations as given in Equation (3). Thus:
(5)

n n N n N
E GkE GJE WiT i Ly = E akE W;Yi T ki
k=1 I=1 =1 k=1 =1

Substituting this result into Equation (4), we find that:

n N N n N

2
E akE wiyil’ki_ZE wiE aRY;Tri + E w;Y;
k=1 =1 =1 k=1 i1

(6)

or
N n N
2
E wiY; — E ak§ Wi Yi L ki
i=1 k=1 =1

Furthermore, the a;'s are computed in the least squares regression and the

N
> w;y;zr; terms are the elements of the Y vector used in the least squares

(7)

=1
calculation, so finally we have:
N n
Residual Sum of Squares = Zwiyf - ZakYk
=1

1=1
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making the algebraic computation of this value easy, although it is
potentially difficult numerically, being the difference between two nearly
identical values. This final form is correct regardless of whether the form
shown or the "reduced summation" is used.





